88 Sr2 molecules become strongly enabled with moderate applied magnetic fields. We report the control of transition strengths by five orders of magnitude and measurements of highly nonlinear Zeeman shifts, which we explain with an accurate ab initio model. Mixed quantization in an optical lattice enables the experimental procedure. Our observation of formerly inaccessible f -parity excited states offers a new avenue for improving theoretical models for divalent atom dimers. Furthermore, magnetically enabled transitions may lead to an extremely precise subradiant molecular lattice clock.
Transitions between quantum states are the basis for spectroscopy and the heart of atomic clocks. The ease with which a transition can be accessed experimentally strongly depends on the transition mechanism and the states involved. For atoms and molecules the dominant mechanism is the electric-dipole interaction, and electricdipole transitions are only allowed between angularmomentum eigenstates with opposing parity that satisfy the rigorous selection rules ∆J = 0, ±1 and ∆m = 0, ±1 (but ∆J = 0 if J = 0), where J and m are the total and projected angular momentum quantum numbers. Accessible transitions that are forbidden by these rules or the additional rules that arise, for example, from molecular symmetries, are of great interest because they are associated with long-lived quantum states and enable precision measurements such as parity-violation experiments [1] [2] [3] [4] . Forbidden transitions are central to atomic timekeeping and have been extensively researched in order to advance the state of the art [5, 6] .
In this Letter, we demonstrate how the control of forbidden transitions with applied magnetic fields is greatly enhanced by the dense level structure of molecules as compared to atoms. We use modest fields of a few tens of gauss to not only enable strongly forbidden transitions, but yield transition strengths comparable to allowed transitions. In contrast, several million gauss would be needed to achieve the same results using the atoms that form these molecules. The physics that enables this tuning of transition strengths by five orders of magnitude also leads to highly nonlinear Zeeman shifts which we precisely measure. We explain our observations with an ab initio model, and suggest how they may be used to improve such theoretical models and to engineer an ultraprecise molecular clock. Figure 1 illustrates the process of magnetically enabling a forbidden transition for 88 Sr 2 molecules near the atomic 1 S 0 − 3 P 1 intercombination line. Because of spin-orbit coupling, electric-dipole transitions are possible between the weakly bound molecular levels belonging to the potentials shown, just as with 88 Sr atoms. Start- [7] . (b) An optical transition from J = 0 to J = 2 is dipole forbidden (dashed vertical arrow), while to J = 1 is allowed (solid vertical arrow). With an applied field, the forbidden transition becomes allowed because of admixing with the J = 1 state.
Internuclear separation (Bohr)
ing from a ground state with J = 0, a transition to an excited state with J = 1 is allowed (solid arrow). A transition to J = 2, in contrast, is forbidden by the selection rule ∆J = 0, ±1 (dashed arrow). However, applying a static magnetic field couples the excited states (blue arrows), making the energy eigenstates no longer angular-momentum eigenstates. Thus, the excited state originally described by J = 2 acquires a J = 1 component that now satisfies the selection rules for a transition from J = 0. In this way, applying a magnetic field enables the forbidden transition with ∆J = 2.
We measured this variation of transition strengths with an applied magnetic field B for ultracold in an optical lattice. The experimental apparatus closely follows Refs. [7, 8] . The results are arranged by increasing |∆J| in Fig. 2 . As shown, moderate magnetic fields are able to strongly control the strength of transitions between ground-and excited-state molecules near the intercombination line. We are able to drive forbidden transitions with |∆J| up to 3, to impart strengths comparable to those of allowed transitions to forbidden transitions with |∆J| = 2, and to control transition strengths over five orders of magnitude.
Our data are supported by the ab initio calculations shown in Fig. 2 (solid lines) . Qualitatively, we may explain these observations as follows. Consider a transition between a ground state |γ and an excited state |µ . The strength of this transition is proportional to the square |Ω γµ | 2 of the Rabi frequency Ω γµ = γ|H e |µ / , where H e is the electric-dipole interaction and is the reduced Planck constant. Applying a static magnetic field perturbs the states and thus the strength of the transition. For simplicity, we assume |γ(B) ≈ |γ(0) , because spinless ground-state 88 Sr 2 interact only weakly with the magnetic field. To first order in the field strength B, however, the excited state |µ becomes
Here, the characteristic magnetic fields
give the admixing per unit B for the pairs of states with energies E µ and E ν , and the sum is over all states that couple to |µ via the Zeeman interaction H Z ∝ B [7] . The field B = Bẑ defines our spectroscopic quantization axis along the lab-frame zaxis, so H Z couples states with ∆m = 0 and ∆J = 0, ±1 (but ∆J = 0 if J = 0). As a result, the strength of the transition changes with the applied field as
For a forbidden transition the first and last terms are zero, so the strength will be quadratic, |Ω γµ (B)| 2 ∝ B 2 , if the excited state |µ admixes with a state |ν for which the transition would be allowed. This is what we observe at low fields in Figs. 2(c,d ) and, additionally, in Fig. 2(a) for the 'accidentally' forbidden m = m = 0 component of an allowed transition, where the Wigner 3j symbol 2 1 2 0 0 0 = 0 [9] . For allowed transitions, all of the terms in Eq. (2) may contribute. The first is field insensitive and dominates in Fig. 2(b) . The final term is linear with B and represents the constructive or destructive interference that we observe with the m = m = ±1 components Table 1 and shown in Fig. 2(a-d) . The lines are polynomial fits using Eq. (3) with appropriate symmetry constraints.
in Fig. 2(a) . Finally, the behavior of the highly forbidden transition in Fig. 2 (e) is roughly quartic with B, and comes from higher-order admixing beyond this approximate model.
Besides affecting transition strengths, the applied field produces highly nonlinear Zeeman shifts of the excited states, as shown in Fig. 3 . We observe shifts up to the sixth order in B, well beyond the quadratic shifts reported previously for Sr 2 or similar dimers [7, 10, 11] , and find good agreement with ab initio calculations as shown in Table I . Following Ref. [7] , we parameterize these shifts as the sum of linear and nonlinear terms
where µ B is the Bohr magneton. Here, the binding energies E b are negative, so positive shifts make molecules less bound. The sum extends over the fewest terms needed to summarize the data, following the symme-
. We used pure sigma transitions to measure the signs of g(v , J ). The dense level structure of 88 Sr 2 molecules allows the observation of these effects near the intercombination line with significantly lower fields than would be needed for 88 Sr atoms. In atoms, admixing occurs between the 3 P J fine structure levels [12, 13] , with level spacings |E µ − E ν |/h of several THz. For molecules, admixing occurs between the rovibrational levels of the 0 + u and 1 u potentials, with typical spacings |E µ − E ν |/h of several tens of MHz. As a result, the characteristic mixing fields |B µν | ∼ |E µ − E ν |/µ B are roughly several million gauss for atoms versus several tens of gauss for molecules. While these fields may be greatly reduced by choosing an atom with hyperfine structure [14] instead of 88 Sr, the enhancement with molecules versus atoms will still be present. The enhancement will decrease, however, for more deeply bound molecules as the rovibrational Signal (arb. u.)
Laser frequency detuning (MHz) spacings increase. Similar enhancement is expected with Stark-induced transitions using electric fields [15] , as are often used in parity-violation experiments [1] [2] [3] [4] . We obtained the data in Figs. 2 and 3 using procedures similar to those in Refs. [7, 8] . For transition strengths, the measured quantity is Q = A/(τ P ) = |Ω γµ (B)| 2 /(4P ) [16] , where A is the Lorentzian area of the natural logarithm of an absorption dip, τ is the probe exposure time, and P is the probe beam power. The quantity Q = Q(m, m ) was measured separately for each transition component between initial m and final m quantum numbers, and at different applied fields B, by observing the loss of ground state X 1 Σ + g (v = −2, J, m) molecules by absorption [17] . The final values of Q were normalized to the average strength of the allowed transition in Fig. 2(b) .
A unique aspect of this work is a mixed quantization of the J = 2 ground-state molecules from competing Zeeman and tensor light shifts [16, 18] . Figure 4 demonstrates this effect, showing how the depletion of a sublevel m leads to the depletion of selected other sublevels, simulating forbidden transitions with |∆m| = 2, 4. This effect arises because the optical lattice has an electric field E(t) = E(t)ŷ linearly polarized orthogonally to B = Bẑ and to the lattice axisx (trap-insensitive 'magic' conditions for the 1 S 0 -3 P 1 (m = 0) transition in 88 Sr [19] ). The lattice light shift is therefore not diagonal along B, Figs. 2 and 3 . Binding energies E b are reported to the nearest MHz. Only the parameters qn = qn(v , J , |m |) (G 1−n ) required for a good fit with Eq. (3) are reported. The signs of all coefficients have been confirmed experimentally. For J = 1, the values for |m | = 1 are from a previous measurement with a reduced field range [7] . Coefficients for the 0 Fig. 2 (e) with E b = 132 MHz are available in Ref. [7] . (9) but includes off-diagonal couplings ('Raman coherences' [19] ) between sublevels with |∆m| = 2. While the Zeeman shifts (3) of the excited states are large enough to suppress these couplings for typical fields B, the couplings are large enough to suppress the Zeeman shifts of the ground states, which are expected on the order of a nuclear magneton [20] . As a result, the J = 2 ground eigenstates are superpositions of sublevels with even or odd m, as observed in Fig. 4 . To correct for these effects, the data in Fig. 2 for transitions starting from J = 2 were multiplied by a correction factor R(m) after normalization, where R(0) = 4/3, R(±1) = 2, and R(±2) = 8 as derived in Ref. [16] . This mixed quantization simplified our data acquisition. First, it provided molecules with all m for J = 2, in particular, m = ±2 that would be otherwise difficult to create simultaneously. Further, to measure transition strengths, we only needed to count the final population in two ground-state sublevels (m = 0 and either m = 1 or −1) to gather the data in Fig. 2 . This was critical at large fields because of the difficulty in individually detecting m = ±2 using the transitions available to convert molecules to atoms.
The ab initio calculations used the most recent electronic potentials for the (1)0 + u and (1)1 u excited states of 88 Sr 2 [10] based on the original calculations [21] , and the empirical potential for the X 1 Σ + g ground state [22] . The calculation of Zeeman shifts followed Ref. [7] . To reproduce the experimental observations, nine excitedstate coupled channels including J = 1 to 6 were required. Because of the sensitivity to the coupling between the channels, precise measurements of high-order Zeeman shifts as in Table I are useful to test the accuracy of theoretical models [7, 10, 11] . The coefficients q 2 and q 3 are due to admixing from states with |∆J | ≤ 1, q 4 and q 5 with |∆J | ≤ 2, and q 6 with |∆J | ≤ 3. The signs of q 2 for even and odd J are typically opposite because of repulsive, second-order perturbative couplings between pairs of states, which we have observed for more states than reported here (Fig. 3 and Ref. [7] ).
Our direct observation of 1 u levels with even values of J suggests a way to further adjust theoretical models for homonuclear dimers of divalent atoms. These fparity levels are inaccessible by s-wave photoassociation, and have not been observed previously in experiments with Sr, Yb, or Ca atoms at ultracold temperatures. In contrast, they are accessible in experiments with ultracold molecules. Our ab initio model has been adjusted to agree with the available data for odd J levels of both the 0 + u and 1 u potentials simultaneously [10, 21] , because these potentials are Coriolis-coupled. However, only the 1 u potential supports even J , so Coriolis coupling is absent for even J . Indeed, Table I shows that the 1 u levels with even J have nearly ideal Hund's case (c) g-factors for the 1 S 0 -3 P 1 asymptote, g ≈ 3/[2J (J + 1)], while those with odd J do not [7] . Therefore, precise knowledge of the 1 u levels with even J will allow these potentials to be adjusted independently.
The field enabling of strongly forbidden optical transitions demonstrated here could be used to access ultranarrow molecular transitions. The inversion symmetry (g/u) of homonuclear molecules leads to subradiant excited states that cannot decay by electric-dipole transitions to the ground state. 13 observed with 1 g (which correspond to a nearly 300-fold improvement over the atomic case), because these states should be free of predissociation and may only decay via electric-quadrupole or multi-photon processes to the ground state. Optical transitions to these states from ground-state molecules are expected to be significantly weaker than those for 1 g . However, magnetic fields may enable stronger transitions to be engineered with a minimal loss of quality by admixing 0 + g and 1 g states, similarly to optical clocks using bosonic divalent atoms [12, 13] , leading to a subradiant molecular clock with an expected quality factor > 10
14 . In conclusion, we have demonstrated the remarkable control of forbidden optical transitions in weakly bound molecules by modest applied magnetic fields. Our experiments with ultracold Sr 2 molecules in an optical lattice rely on mixed quantization, and provide a stringent test of ab initio quantum chemistry calculations for both transition strengths and highly nonlinear Zeeman shifts. The observation of f -parity excited-state molecules, in particular, opens an avenue to simplify the improvement of future theoretical models for such molecules. Furthermore, we identify an opportunity to engineer an extremely precise molecular lattice clock using deeply subradiant states.
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Mixed quantization in an optical lattice
To model tensor light shifts of the 1D optical lattice we may use an effective potential of the form
where the brackets denote a time average and the spherical tensor notation follows Ref. [20] . Using the WignerEckart theorem, this potential evaluates to the matrix
for a {|J = 2, m = 2 , . . . , |J = 2, m = −2 } ground-state basis quantized along the applied field B = Bẑ, a lattice electric field E = E cos(ωt)ŷ propagating alongx, and a tensor polarizability α 2 (ω) = 2/ √ 105 2 T 2 (α) 2 that depends on the reduced matrix element of the polarizability operator α = α(ω) for the particular J = 2 ground state. Because E ⊥ B, the matrix (5) contains off-diagonal elements from virtual two-photon sigma transitions that couple pairs of sublevels |2, m 1 and |2, m 2 with |m 1 − m 2 | = 2.
The potential (4) does not uniquely specify the ground eigenstates because only one eigenenergy is unique. This is because tensor light shifts are independent of the sign of m for quantization parallel to E. Therefore, another interaction is required to break degeneracy and obtain unique eigenstates. For ground-state 88 Sr 2 , a likely candidate is the rotational Zeeman interaction −g r µ N J · B [20] . We do not resolve this weak interaction, which is on the order of a nuclear magneton, µ N , so we will proceed by taking the limit g r → 0. In the basis of matrix (5), the five unique eigenstates |γ = m |J, m J, m|γ obtained from this limit are given by the following sets of J, m|γ coefficients { 2, 2|γ , . . . , 2, −2|γ }:
and {1, 0, 0, 0, −1}/ √ 2.
As observed experimentally, these eigenstates consist of mixtures of sublevels with even or odd m.
To highlight the mixed nature of this quantization, note that while off-diagonal elements of the tensor light shift (5) are responsible for mixing if the quantization axis is chosen to be alongẑ, the mixing would instead come from off-diagonal rotational Zeeman shifts if the quantization axis were chosen to be alongŷ, where the potential (4) evaluates to
In this case, the eigenstates would be proportional to the symmetric and antisymmetric combinations (|2, m ± |2, −m ). Both cases are equivalent, since the choice of quantization axis is artificial.
Measurement of transition strengths
We measure the strength of a particular Sr 2 transition using a procedure similar to that in Ref. [8] . First, we treat the case without mixed quantization, and return to evaluate its effects in the following section. First, we apply a laser pulse of duration τ and power P along the lattice axis to drive the transition between a ground state |γ with (v, J, m) and an excited state |µ with (v , J , m ). Afterwards, we measure a signal S J,m proportional to the number n J,m of remaining ground-state molecules with (v, J, m) using a second laser pulse to drive a transition to an excited state that decays to Sr atoms [7] . Both laser pulses are linearly polarized along the applied field B and drive ∆m = m − m = 0 transitions for the spectroscopic quantization axis defined by B.
We assume the first pulse drives an open transition with sufficiently low power P that the absorption process is linear and any emission back to the initial state is negligible [24] . During the first pulse, the number of (v, J, m) molecules evolves as
where Γ m,m (δ) is a stimulated absorption rate per molecule. The quantity we wish to determine is then
which is a measure of the strength of the (m, m ) component of the transition under study, expressed in terms of the Rabi frequency for this component introduced before Eq. (1) (12) for optical magnetic-dipole transitions to subradiant 1 g excited states [8] . Note that the factor of 1/4 depends on the convention used to define P , on ∆m, and on the laser polarization. For J = 0, additional relations to convert Q to an Einstein B coefficient and an absorption oscillator strength are available in Ref. [8] .
Experimentally, we record the signal
as a function of the laser-frequency detuning δ from resonance, which is roughly a Lorentzian absorption dip with a constant background. The quantity Q of Eq. (12) is then given by
where A is the area of a Lorentzian fitted to a plot of ln[S J,m (δ)] versus δ and the shorthand S J,m (∞) ∝ n J,m (t = 0) is the signal far from resonance. No adjustments are made to account for the angular momentum quantum numbers of the initial or final states of the transition. Care is taken to experimentally verify that Q is independent of P and τ , as expected from Eq. (12) because |Ω γµ (B)| 2 ∝ P . In particular, we use low powers P to avoid power broadening and use pulse times τ that are short enough to avoid additional loss processes (e.g. collisions) but long enough to avoid transform-limited broadening.
Correction for mixed quantization
For J = 2 ground states, we follow the same procedure to measure transition strengths as with J = 0. However, because of mixed quantization m is no longer a good quantum number. Instead, the ground eigenstates |γ are superpositions of |J = 2, m sublevels quantized along B, as derived above. As a result, the quantity we measure is no longer the Q of Eqs. (12) (13) , but instead a modified quantity Q mix . To account for mixed quantization and obtain the values of Q we report, we multiply these values by a correction factor R(m 1 , m 2 ), as in
which we derive as follows. Here, the two quantum numbers m 1 and m 2 are determined by the first and second laser pulses, respectively, and defined for quantization along B. Because of mixed quantization, these two quantum numbers need not be equal. Let us denote the number of molecules in the state |γ by M γ (t). For typical applied fields B, the Zeeman interaction of the J excited state ensures that m is a good quantum number and that each excited-state sublevel is spectroscopically resolvable. Therefore, we can tune the frequency and polarization of the first laser to only allow absorption by the ground-state sublevel |J = 2, m 1 quantized along B (specifically, m 1 = m ). During the first laser pulse, the evolution (11) is then replaced by
where the mixing coefficients
may be computed using expressions (6) (7) (8) (9) (10) . The number of molecules remaining afterwards is then
Likewise, we can tune the second laser to only detect molecules in the sublevel |J = 2, m 2 quantized along B. The signal we measure is then
Far off resonance we will denote this by
The initial numbers M γ (0) depend on the molecule creation procedure, which consists of photoassociation to an excited state (J = 1, m = 0) followed by spontaneous decay to ground states with J = 0 and 2 (symmetry forbids ground states with odd J) [7, 26] . For our experiment, they are
where the initial numbers n 2,m (0) for the unmixed sublevels |J = 2, m are given by the branching ratios
expressed here with Clebsch-Gordon coefficients [9] . Note that there would be no initial molecules with m = ±2 without mixed quantization because of the ∆m = 0, ±1 selection rule, as in n 2,±2 (0) = 0. However, because of mixed quantization there will be molecules in states |γ composed of sublevels with m = ±2, as shown by (6) (7) (8) (9) (10) .
Following Eq. (13), the quantity we measure is again
Using (14-21), the correction factor is then
For the mixed quantization considered here the signs of the arguments do not matter, R(m 1 , m 2 ) = R(|m 1 |, |m 2 |), because f γ (−m) = f γ (m). Note that in the absence of mixed quantization we would be free to choose f γ (m) = δ γ,m , which recovers R(m, m) = 1. We measured the data for transitions involving (J = 2, m 1 = ±1) using m 2 = 1 or −1. For this case, the ratio
using Eq. (16) with Eqs. (6) (7) (8) (9) (10) and (18) (19) (20) . The correction factor (22) is then R(1, 1) = 2, which we denoted previously by R(m 1 ) = R(±1).
For transitions involving (J = 2, m 1 = 0) we used m 2 = 0. In this case the ratio is bi-exponential, but we can approximate it as This correction factor (22) is then R(2, 0) ≈ 8, which we denoted previously by R(±2).
Calculation of transition strengths
The theoretical values for transition strengths are obtained by calculating the square of the transition dipole matrix element between a ground state |γ and an excited state |µ(B) for an electric field linearly polarized along the magnetic field, | γ|d Z |µ(B) | 2 . Here, d Z is the space-fixed transition dipole moment, which is expressed in terms of the molecule-fixed d i components by means of Wigner rotational matrices. We assume that the starting level |γ belongs to the electronic ground state X 1 Σ + g , has well defined J, m, and Ω quantum numbers (Ω is the projection of the total electronic angular momentum along the internuclear axis), and do not include any corrections for the coupling of m sublevels from mixed quantization by the optical lattice. The target level |µ(B) belongs to the 0 + u /1 u potentials near the 1 S 0 + 3 P 1 asymptote, and is a superposition of states with different J and |Ω |, as in Eq. (1) in the manuscript, such that only m remains a good quantum number in the presence of the magnetic field. The correct form of |µ(B) as a function of the field strength B is obtained by solving the coupled-channel equations with the Zeeman Hamiltonian (which couples states with |∆J | = 0, ±1) and nonadiabatic Coriolis coupling (which couples 0 + u and 1 u electronic states of the same J ) included. We assumed that the molecule-fixed electronic transition dipole moment between the X 1 Σ + g and 0 + u /1 u states is independent of the internuclear separation R and equal to its asymptotic atomic limit,
which is a good approximation for weakly bound molecules [8] . Just as with the experimental results, the reported values are normalized to the average zero-field strength of the chosen allowed transition in Fig. 2(c) .
